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Summary

CANTELLI CONJECTURE. Let X, Y be two real random variables with standard Gaussian
distribution law: X, Y ~N(0; 1). Suppose that X and Y are independent. Let g(x) be a
measurable nonnegative function. Then the random variable X + /g(X)Y has a Gaussian

distribution law if and only if g(x) is constant.

In 2015 Victor Kleptsyn and Aline Kurtzmann constructed the counterexample to Cantelli

conjecture. They constructed such non-constant, measurable function g(x), fow which

Z =X+ /g(X)Y has a normal distribution.

Our aim is to proof Cantelli Conjecture for a different classes of functions (for example
periodic functions, monotonic functions).

For this purpose we will use characteristic functions’s methods and theory of backward
stochastic differential equations, particularly we will put Wiener process into g function and
for it’s characteristic function we will derive backward stochastic differential equation. We
plan to work on it using Ito’s formula and martingale methods.

Key results and novelties are included in the theorem 1.1 and theorem 2.2. In Theorem 1.1
we proved that if in addition function g is periodic, monotonic or periodically monotonic,
then g will be a constant.

In Theorem 2.2 we proved that if Eg'(W;) = Eg" (W;) = 0, where W, is a stopped
Brownian motion at time t = 1, then g will be a constant function. This theorem we proved
using backward stochastic differential equations. Notice that in first chapter we will show

that Eg'(X) =0 and Eg"'(X) < 0 where X has a standard normal distribution.
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(i) 099 g 396H0Mm©0s, 35806 g 3990d0300;

(ii) 009 g mbm@GHMbmM0s, 35d0b g 8©dogz00;

(iii) 099 g 3900MEEs© INbMEHMbMEO0s, 35d0b g dwdog0s.
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©59(H30(3905.

i) 39b396Mm, ®MI M g 39HOMOIE0s, 35806 g 39T0305. oMM, 3490350 g
B96J300L 3960m©os T. 09 (1) gmGIMsdo t = T, 30300900

T2 T2 T2
Ee?Q(X"‘T) — EeTQ(X) — eTEg(X) (7)

399030396 50bodgbs § = T; g(X), & = EE, 05006 (7)-056 35390909900 50603369000

Bs3¢93390by 23996900 Eed = 8. 5J900b @gds 5-0b gs0myqgbgdom 30300980, BGmd
§=const = T;g(X) = const = g = const.

ii) 35B396Mmm, ®M3 071y g IMbMEHMbMM0s, 35d0b g 8©B0305. 379350 g BMbd300

565309050009, 35806 69d0lB0YMO HIOOMO S BOJLOMYOMEO t-030L 09blgbols
NGOl godmygbgdoo do300900:

0590 = peSIHD 5 50 5 JFRe00 _ Lo ®)
5J9096 Eegg(x) = egg". 399m30¢5bmm 50b0d3zbs § = e%g(X), &0 = EE, 358906 (8)-0s6
35390099490 5060936980L Lsg3rdggmbg 3394690 Eeb = ef8. 59906 argds 5-0b
399my9gbgd00 d03009dm, OMJ § = const = g = const.
9936036mm, G 0w g 364300 9MsBME0s, 35806 g(X + t)-8o 99330005 t 53000MmM
MSMYMBOMNO S 93303905 0946905 9565309050 F9dmNH3930L b5EIMYO0MEISE.

iii) 35Bg39bmm, ®MI ) g IMbMEHMbMMo© 39MH0MEME0s 85906 g 8B0305. oGO,

2 id 2 X Etz X £2 ) X 2
Ee?Q( +2) > EeTg( ) >e Z9&X) _ ez9 o Ee?ﬁ( ) — ez90 9).

t2
899030960 50b0d3bs & = 29 @, & = EE, 35806 (7)-096 3939090100 50b0d369d0l
5393390y 2399690 Ee? = e, 5J9c056 @gds 5-0b g50mygbgdom dogomgdo, Gmd & =

const = g = const. 6.0.3
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22 22
—E

396¢900b 303mm9Bol 5339806 335J3L GHMEmds Eez?d Witd) — o7 EW) Lo0IBSE

22 A2
096L960L “)BHMEMBOm B03009dm, Gmd e 29 Witd) < p7EIW) — | gWy + 1) < Eg(W,)
V A-o30U. (10)

990m300mm gwbdsos f(x) = Eg(W; + x). B90000dd99¢00056 3bsos, @@ f(x) < f(0),
Vx € R.

@g0s 1.4. ) g 8969305 FoMdmgds@os s Msb |g'(x)| < ¢, 35806 f'(x) = Eg’'(W; + x).

©59()30(3905.

') = I f(x+h)—f(x)_l. EgW;+x+h)—EgW; +x)
[ = jim h = hoo h N
= ILi_I}%E%(g(Wl +x+h)—gW, + x)) (11)

gWi+x+h)—g(Wy+x)
h

3boos, O™ | = |g'(a)| < c,bossg a € (Wy + x; Wy + x + h).

5303™d 3551MO0MOIEO 309d5MdOL MgmEqdoom (11)-8o 9930305 HBO3OMOL o
953935303100 MmOobol Q5965330 9ds:

gWi+x+h)—gW, +x)
h

1
;lin%EE(g(W1 +x+h) —g(W, +x)) = Elim =Eg' (W, + x).

365 m0vMo 99330000 356396mm, HGMI vy |g" (x)| < ¢, 35806 f"'(x) = Eg"'(w; + x).

6. ©. .

(10)-056 3030090m, ®™A f(x) < f(0) V x € R-030L 56w x = 0 560 f-0b dodusod«dols
$oOGH0o 5699 f'(0) = 0 s £ (0) < 0, Gog 035 bodbagl, Mmd f'(0) = Eg’' (W) = 0 o
f"(0) =Eg"(W) < 0.
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Sbems 8923005 35B396Mm, T 356@ 9ol 303mmgHBol ©sd3900L omazseolffobgdom
g 046905 899mbsb3meo gmbdiEos. MmymME 30300,

A2 A2
Ee™ 79X = o700 yieR
999m300mm LodMIZwggd0 Ae = {x: g(x) = 1+ go + €} s A'c = A N [a; +00), Lo
€=0.

x2
©53m33500 v(4p) > 0, bosg v(B) = \/%_nfs ez dx, 85306

22 A2
1= Ee/lx+7(g(X)—1—go) > Ee)LX+7(g(X)—1—go) % I{xEA'E} >

Aa+ A+
> e x P(x € A') =™V (A').

) 53933900, MM V(A4p) > 0, 35306 Ve > 0-o30L v(A'c) > 0 5 259m35, Mmd

A2
Aa+—
ea €

2 V(A') = 00, OHmEs A = 0, G5 §0bsowdgamdss 56w v(4y) = 0.
5099053 a 63d0L30gM0s, 5d0EHM F030090m, O™ V{x: g(x) = 1+ go} = 0 56+

gx) <1+ go.
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§2. 89J90wo LAHMJLAHNO0 oBIMYIEE0 MO FobBHMEgdgdo

300J350 (Wy)¢20 3069600 30m39L0s, B3 0356 60dbagL, MMd W (w, t) FoMdmapgbl
39000bg39300 3Mm39LL, HMIGELSE RosBbos T390 M30L9dqdO:

(i) Wo = 0 oo W;~N(0;t) Vt>0-030l;

(i) Wy — W, L W Vs < t-ov30L;

(iii) Wy = Wy~N(0;t —s) Vs < t-og0b.

5358056 999m300M0 306960l 3GM3gLoL JogH FoMIMJabowo -5¢ygdGMdoL bogso
FY =o(W;1(B) : s <t, B € B(R)), bsog B(R) R-0b 3:6r9@ols 6-5e039d6055.

39630bowmom 899930 999390 LEHMJILEHMMO PORIMIBE0SXMOO FobEHMEGdS
t € [0; T 0b¢&ggzowby:

{Yt =Yy — [, f(s,Z5)ds + [, ZsdW, ’

Yr=n

boS3 3969M0GH™M®0 f:1[0; T] X A X R = R sG>0l DmBso 3bJ3os s ymggero z-Logol
f(C +2) 5690b 3369¢0©0 36:m39L0, bawm 1 F1¥ Bmdsoo 999mbggzomo Loowgs.
585L0056 | Ot ZsdWs bEmdoLEGHMMo 0b@gaMow0s 306960l 3OM39LoL J0ds6Mo.
396LsBM3MYdS 2.1. 9J3909o LEHMJSLEIOO POBIMYIEE0SXMOO ABEBHMEGOOL
59mboblbL 3fimgdm {yz0eb (Y, Z), Losis Y 19gdodsm@GHobaswos, Z F30M9EH00 o
306960L 360390 063JAMG050 3OM3gL0s s (Y, Z) Hyz0o 53059Mmxz0gdl
B9dmblinbgd e 456 MeEgdsls.

12
V 1 # 0-bovgol 99mzommm 3Gmizgbo V(1) = j_zln E [eyg(wlﬂ)

Tg”], bogosi Wi 306960b

36MHm3qL0s 39BgMGdIMo t = 1 dmdgb@do. (3boos, @A Wi-U 593b LEBHObIOEH™MEo
Be®Bocom®o qobsfowrgds: Wi~N(0; 1).

39690l 303mGHgHBol 339006 godmBobstg 3bswos, HMI
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2 2 A2
Vo) = —lnEI 29(W1+’Dl 7 —Inez™") = Eg(w,) = g,

505L096 FoMBH030 LIBsbOS, GMI V1 (1) = g(W; + 1).

212

T}”] =%1ne7c =C.

212
500300 Lsbsb0os, HMA v g(x) < C, 358906 V(1) < ;—zln E [eTC
569 V(1) 890mbsBogdmhvyeo 30msqLos.

foboa@gds 2.1. vy g(x) B3>0 s F99mboBE3OHIEo BbdE0ss, 35806 Vi (1) s6ob

39900920 89939990 LEHMJSLEHMOO PORIMIO305WMO FobEMEGdOL GOPIIONO
3990L5BO3MME0 5dmboblbo:

t

g(W1 + /1)

©59(3)30(3905.

(56L9gdMdS) 3B, HMI exp {);—2 V; (A)} 35MGH0b5@05, Loosg V:(1)-b

19305 GHOBRSMHO QSTWS SGOL
Vi) = Vo) = A + [ 52
lZ
flx) =ez" 1bJ300Lsm30L 0GHML FmEOTMEOlL 45dmygbgdom 339469ds:
AZ 22 AZ ¢ 22 AZ t 212 14 t 212
exp {3 vtu)} = 7" - j e Pda, + = j ez D ()aW, + 5 j e7"We2(1)ds

0 0 0

" t
12 [ A2 22 A2 A
—e2 Vo(/'l) + = . f S Vs(2) <Z $2(N)ds — dAs> + ?f eTVs(A)d)s(A)dVVS_
0

0
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399306569 0J9sb, G exp {g V: ()l)} 9do6GH0bAs05 Jobo LELEWYEO FoBI0sEO0OL

Bofoero mbs oymb 0, Mo 0dsls 608353L, D A, = % fot P2 (A)ds . Bsgligsm Bomgdmero

2590Lob e gds V; (1)-b Lydodo®EH0byow® 453wsdo s 303009dm (12) GHeagrmdsL.

(96050 gOMdS) 30350 Y1 (1) (12)-0b 53mboblibos, 35806 (12)-0s6 3399690s:
t t
A? A2 At A?
exp {5 (60 1) = exp {5 [ 6. - [ gz nast = e (Fow - w)
0 0

Lo0BsE 300GBM, HMI exp {; (v,(D) - Y, (/1))} 35MEGH0bA5@05. Bo85L55Tg 23996900,

cHmd

A2 pE
€xp {? (Yt(/l) - Yo(ﬂ))} =E [7 (Y1(/1) - Yo(/l))

-

L5063 (12)-0L LolsBE3O™ 30MHMdOL Yodmyqbgdoo dogz00qdm, Hma

A? A?
exp {? Yt(/l)} =E l?g(WH +2) Ttl = @) =V@.

Lo0BEBHIOILMS Bro bgds, MmEs A = 0. 0w (12)-8o Bsglgsdm A = 0, 35d0b 4394690s:

:
VO =g+ [ B@aw,
() = g(y)
D@03, 608 V;(0) Bo680bg5@os @ 0ob V3 (0) = g(Wy), sBo@md
Vi(0) = EIV,(OIF¥] = Elg(W)IFY].

dgmegl IbM0g, 35B396mm, ™A
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22
V,(D) = InE [eTg(WlM)

| > Elgw)IFY1 = v,0),2 - 0

099 ©535¢)90m INZombM3m, H®MI g'(x) 9dmLEBEOZHWO GmbJ50ss.
3OO E, M30@SE0ol {gbob g99mygbgdoo 2394b90s:

AZ
2InE IeTg(WlH)

-

}Ll_r)r(l) V:(A) = lll_r)% =

AZ
pE 22 (Wy+21)
2E ((AgWy + D + 5 g' Wy + ) |ez? V| 7Y
= hm 22 =
A0 22E [e?g(“’l”) Ttw]
1, 2w | ow
E g(W1+A)+7g(W1+A) e27'"1 F;
= lim = E[gWDIFY] = V,(0).

22
A-0 E [eTQ(W1+)L)

0@ mbobs GHmemdsdo 99330de0s BLZ5MHDBY oLz, oYL 339008 MBsbTs©
g @5 g’ 998mLs%B3Gmo 364309000 5 9ladsdola 8933000s B5gmMOMIBSQO
3690500Md0L MgmEHAoL 45dmygbgds.

s 2.1. ) g 39bgdgoobsmzol g(x) < €, 35906 Lozds®olbo 330ty A1-Lmzol

E [, $?(A)ds < 2C2.

©58()30(3905. ©593900L MBbAs g(x) < C. 3o8m3z099bmom oMb GmGImws f(x) = x?*-
Longob (12) 496GHMegdsdo 99w9gao0 3399690s:

t t
2

1 t
VA = g8 5 | Heids + 2 [ uDe W, + [ g2 s

0 0 0

530000 t = 1 5 GME®dol MmMH03g bsegl 35090530300 wm©obgdo:
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1
2

1
B0 +2) = g3 = 5 F [ nszds +E [ g2vds =
0

0

1
2 2
- Efq)_z(A)ds < Eg2(W, + 1) +%Ef V(D) b2 (A)ds < 2 +ATCEf¢§(A)ds -
0 0 0

1 1
A%C 2C?
- <1 - T)Efcpsz(l)ds <t = Ef b2(D)ds < < 2¢?
0 0

T 2-22C"~ '

54 A 0lgmos, B 12C < 1.

§0bssgds 2.2. vy g 999cmbsbn3GEo Bwbdiz0ss, 35806 E fol((j)s A) — ¢s (0))2ds -0,

Ggbsg A — 0.

©59(3)30(3909. (12) s (13) GHMermdosb 3bswos, Gma

t
2

1 t
Vi) = V) = =5 [ 62 ds + [ (8,0 = 9o (@)aw,
0 0

3303 359030496m0 0@™b gmmdmems f(x) = x2-bogol @s 0lgzg Hmymes Fobo
93580 s 03009d0):

1 1
2 22 2
B() = () = =5 F [(h) = V@) + E [ (45 = 9s() s
0 0
5d90056 30 B0300900:

B [ (6,0 - 9s0)"ds < E(gW, + 1) — gw))” + 2°CE [ 42
0 0
< E(gW; + 1) — g(wy))” + 223,
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9-b 90Y39@™00LS © BogmOHO0MGOSO 3MJOIEMOOL 0gMEM9GIoL odmygbgdoom 23996909,
®md E(g(Wy + ) — g(Wl))2 - 0, ®mEqbsg 4 = 0, 569 d0g3009dm, ™I

lim £ [ (65(1) = $5(0)) "ds = 0.

59x 95 ©9359}30(3M 93M90 MM 30OHMI0MO MYME9ds. B39 306039 Ms3d0
3563969m, ®md Eg’' (W) = 0 s Eg"” (W) < 0. 9980930 009mM9ds 2394906905, M3 00 -
Eg'(Wy)-09b goomo Eg'" (W;)-oi 06905 0-0b Gmeo, 35806 356¢gol 303mmgbs
1530560 046905 0ligMO BM6E0JdOL Jslido, MMAol 300390 S Fgmey
Po08mgdmegd0 999moBO3MMEOos.

09mMH935 2.1. 099 9fY39¢0 g Bw96J300L 30MH39wo s Fgmerg FoMImgdyEgdo
9990bsbBO3OM0s, LOYEIDS 356EJXOL 303MMIBOL T390 s sTsLsb Eg'(W;) =

Eg"(W;) = 0, 35806 g(x) = const.
©53(%)303909. 3boos, G@A V;(0) — EV,(0) = fol s (0)dWs, Loosbsg

2

1 1
Blgw) — Eg)’ = B [ esvaw; | = [ ¢20)as.
0 0

3983960mm, ®™3 Lybmasme Eg'' (W) = — % E fol $Z(0)ds. BsHoO@3:

Wi + 2h) —2g(W; + h) + g(W,
Eg”(Wl):E}lll’%g( 1 ) gh(z 1 ) g( 1)=

1 1 1 1
1 h?
= Elim | —h? f $2(2h)ds + f B2, + j 62 (h)ds — 2 f e (R)AW,
0 0 0 0

1

¥ j $,(0)dW, | =
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(Zh) - Zd)s(h) + ¢s(0) dW.

=F }li_r% PP s

—f¢§(2h)ds+%f¢§(h)ds+f1¢s
0 0 0

1 1 1 1
= lim —Ef¢52(2h)ds+%Ef¢sz(h)ds - —Ef¢sz(0)ds+%Ef¢52(0)ds
0 0 0 0
1 1
0

569 259m@ob, Gm3d oy Eg" (W;) = 0, 35306 E f01 $2(0)ds = 0, 0B 33996985, H™A

E(gwy) — Eg(Wl))2 = 0, o3 005l 503653, G™d g(W;) = Eg(W;) P o.5, 5J90096 30 g-U

"0939GHMO0L 25m35olfobgdoom 33946905, ma g(x) = go = Eg(Wy).

6. ©. .
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13369

B53M™30 gm0 bsLosMOLYS s O 9bgds 3963 g0l 36MmdoEo 303mmgBoL
59mbLbsMdOL Bs30mMbgAL. 65dM™ITo Fgbfoge00s 35639l 303MmmMgbBs FbY305000
DM096M0 3¢05LoLIMZ0L. FBHI0EIOME0 335J3L, O™ dMbMEHMbME, 39MH0M©ME s
3960MmOYS© JMbMEGHMbMO 3630505 3sligddo LI 0sbos 356E gl
30309 Bs. 530L otrs 3583969, HMA 356390l 303mmgBoL 30HMdgddo YY) g
2bg300L 306039000 @S FgmMg HoMTMgdEo F9amlLsD3OW0s, 3590b 3039w
Do0mgdmedo Bslidwmemo bEobs®Eeo brn®mdswwmo d9dmbggzomo Loowob
3539953031600 Mm©0bo Beos, bmgrm dgmeg Fo®dmgdendo holideo

L3obIO GO brn®Ismo G90mbg93000 LOOEOL F500935EH 03O0 mMEOobo
653009005 56 BHmo bmeBg. 585bmsb dgdagmo bEGMmJsLEBHMO OBIOBE0IW GO
396 M gd900L 259mygbgdom 5359353039 9.§ 30MMB0MO MYMEYDs, Mrrd 0¥y Bgmey
DoM0mgdmeols 9900mbg935d0 bo33e 653009000 96 Gmeroslio 33996905 GHMEMds, 35906
g 89694309 go8cmol 8d030. 53 65dOMToL 458mygbgds d90dwgds 08 M35LsBOOLOM,
6d v 9FHI03PID, MMA Jgmeg Hocmdmgdmeols 998mbggzsdo 35019053H03w9M0

©wm©obo d9gE0s b GHmwo BBy, 35906 933030900 396GHIE0l 303MmmgB
399mbsBO3MMwo 306039000 s 3gmeg Fo0mgdmwmols ddmbg gmbdaosms 3arslido.
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