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Summary

In 1955 [.Vekua [5-8] raised the problem of investigation of elastic cusped plates, i.e., such ones whose
thickness on the part of the plate boundary or on the whole one vanishes. Investigation of elastic cusped
plates, considered as 3D ones, may occupy 3D domains with, in general, non-Lipschitz boundaries. In 1965
he offered analogous models for standart shells [9]. In both papers he considered a very important
investigation of well-posedeness of BVPs (boundary value problems) of peculiar types which could arise in
the case of cusped shells. In practice, such plates and beams are often encountered in spatial structures with
partly fixed edges, e.g., stadium ceilings, aircraft wings, submarine wings etc., in machine-tools design, an in
cutting-machines, planning machines, in astronautics, turbines and in many other application fields of
engineering. The problem mathematically leads to equation of setting and solving of boundary value
problems for even order equations and systems of elliptic type with the order degeneration in the statical
case and of initial boundary value problems for even order equations and systems of hyperbolic type with
the order degeneration in the dynamical case.(for corresponding investigations see the survey [10],[11-13]

and also I. Vekua’s comments in [8] (p.86)).

Prismatic shells and plates are widely used in modern engineering structures and technology. hence it is
important to construct and investigate algorithms of approximation of three-dimensional models of them by

two-dimensional.

In [9] N. Chinchaladze constructed hierarchical models for elastic cusped symmetric prismatic shells (i.e.,
plates of variable thickness with cusped edges). Using I. Vekua’s dimension reduction method, governing

systems are derived and in the Nth approximation of hierarchical models BVPs and IBVPs are set [4].

The present work is devoted to construction of A Survey of Results on Cusped plates by bending in the
modification N = 2 approximation of Hierarchical models of I. Vekua’s. Using I. Vekua’s dimension
reduction method, governing systems are derived and in the Nth approximation of hierarchical models
BVPs and IBVPs are set. There is considered A Survey of Results on Cusped plates by bending and Bvps are

set and investigat.
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Ugr, @ = 1,2, 7 € {0,1, ..., N} comfoo; uz,, 7 € {0,1, ..., N} 39605

d99L5058905 3530035-399035L. oM,

N
1 X
ug (x1,%2,%3,t) = Z a (7” + E) uar(xhxz)Pr(f): a=1.2,
r=0
(r «gfos)
©9f0s x3-0b JodoMm,
N
c 1 X3
ug (xq,%2,x3,t) = z a (T + E) u3r(x1;x2)Pr(7),
7=0
(7 396609)

30 396305 beagom
Ugr, @ = 1,2, 7 € {0,1, ..., N} 396&09; uz,, v € {0,1, ..., N} comfoo

399L5059905 ©MB3OL. FoOPES3,

N
b 1 X3
ug (xq1,%2,%3,t) = Z a (r + Z) uar(xl,xz,t)Pr(z), a=1,2,
T=0
(r 3966903)
395309 x3-0b J0dsO™,
N
b 1 X3
uz (x1,%2,%3,t) = Z a (7” + E) ug (X1, X2, t)Pr(F)'
=0
(r aregfoo)

30 cfos.

15

(1.3)

(1.4)



2. 096560400 Imgergd0, N-m6H0 dosbermgds

005 393799L 09MMJ0eo IMYEgdoL 49bEMEgdsms LolGgds (0b.[5-8]) Gg0degds yowaghgdmm
©0390395Gwo gm®dom, (3bso Lobom sdmfgmomo 3m95303096¢Jd0m. N-m6 Josbermgdsdo Aol

3990090 Lobg 593Ut

N N r N 4T N
H [(h2r+1var,j) a] + A6aj (h2r+1vyr,y) « + Z§V=r+1 (Bajkshr+s+1vks) « + Z?:Ol aj [’16ij hr+l+1vyl,y +

r+i+1 (N N N : r+s+1lV rr — razhrﬂl'gjr R —
,Llh (vil,j + vjl,i) + Zs=l+1 Bijksh Vi +h X] = ph T, ] = 1,2, 3, r = 0, N,

ZZ(. ..)=0 p<gq-—ULomzanl, (2.1)

N
Uir

N
baoG 4 @ pt @89l 309B0E0YIEAIB0, P MO LbyErol LodzzMogg, Vi = 175

ro + @ +) =) = ) \2 /) \?
XJ:X3J—XaJh’a+(—1)T _X3j+Xajh,a]+¢jr:Q(;'l)' 1+<h’1) +(h’2) +
J

) \% /) \?
(-1)"00 \/1+<h,1> +(h,z> +¢jr, j=1,231r=012.; (2.2)
nj

4
Q) ©5 Q) 95930L 399BHMM0L 3m33mbgb3gd0s, BYs s J39s BYLO300MHxdDY Fliodsdobo N o
nj nj

(1_1) B35 g000m. N 6036530 50b08bsgls N -9 dosbermgdsls. Zl- i 99905 fimbosbo 8mdgbdo N -9
905bMmqdsdo. 9936086Mmm, HMI 096MMJoo ImEYEgdol obEmegdsms Lol gdol dglsdsdols 3D
Mgl 02039 (2.1) Lobg 593l, IbME™mE %3900 N MlslOemdoo ¥bs 99333500 Mo s wY36md
100 gdL N 60dBs30 BM35dMOHM; 9.0. M) N = +00 0300900 WLolEOYIem LobEdsl V;--0900L
903s6Hm, 96, M3 030399, Uj--g00L 0TsGm.

N
N Uiy .
Vir = e LS 1,2,3, r=0,1,..,
boo3
(€]
;; (x1,x2) (;'l) (}—l)
+
ui‘r(xlixZ) = f ui(xll X3, x3)Pr(ax3 - b)dX3, b= W

% h—h

h (x1,%2)
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6mIgeroi 3D Imgerol 993035 gb@mos.

(1) = 2l der "

3mobmdgdl, 396dm

372-1
2

Po(1) =1, Pi(1) =7, P,(7) =

©9756M0L 3mobmdgdo 9fimgds. ggsbMOL 3mobmdms LolGgds MOMMAMbEYGos [-1;1]
192996 bY-

( 1 % 1 X3 _ 1 % _IN
r+ E) h 2P, (7), r=0,1,2,.. bLobGHgds MOPMbMOI>WOH0S, brrgrm (r + 5) h ™ zuy. (x4, x3) BMO09-

@gg96MOL 3993030961900, MY POMMIMWo U; (X1, X2, X3), 1 =1,2,3, x3 33wo©OL
8005600 N -0 (00l 30m0bmdgd0s 56 N = +00 9.0. 309090mdm Mol bolGgdab U,
ol 30856 00.

B0MOR0EOOLMZ0L

+ =)
h (xl,xZ) + h (xl,xZ) = 0, (xl,XZ) € w. (23)

T

bjs o crljs 39900Lsbgd0sb 9990 Loboo (ob. ¢. xs0560 [10])

0,0€ms <16k =a,r+ 5396005, > r;
S0k =3,r+sompns,s >r; 56k =3,r =s5;
ngs ={—-Q2s+Dhsh ™ omk =a,r+s amfos,s >r; (2.4)
(2s+1Dh Lok = 3,7 +5396005,5 > 1;
—(r+ Dhh™Lomk =a,r=s;

0,0mi=a,r+5396005,s #r;560 = 3,r + s acmfos;
r (2s+ Dhoh™omi=a,r+s eoogpos,s # 1;
—2s+ Dh Yomi = 3,7+ s 3960905

rhoh™omi=a,r=s;

(2.5)

T T

r r
Baﬁys = A5aﬁby5 + ,udyﬁbas + ,ué‘aybﬁs
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0,00€ms <1,56 v+ 5396905, > 1;
= —(r+ 1)h_1[15a,;h,y + ud,ph o + yc?ayh,/g],my r=s;

—(2s + 1)h‘1[15al;h,y + ub,gho + uc?ayh,/g],my r+ s ampns, s > r;

T

T 0,0ms <1,56 1+ 5 cvpfos, s = 1;
Ba[)’3s = /1605,81735 = {

A(2s + 1)h™ 845,01 1 + 5 396005,5 > 1;

T

r 0,0ms <7,56 1 +5 ¢vgfos, s = 1;
Ba3ys = ﬂ6ayb3s =

1(2s + 1h™ 84y, 0m 1 + 5 396B05,5 > 1;

. . 0,0ms <r,56 r+539069005,5 > 1;
Bazss = pbgs = —(r+ 1)“h_1h,a' oyr =s;
—(2s+Dph  hy, omr+ s eoefos,s > 1;

0,00ms <71,56 7+ s ¢vpos,s = 1;

r T
Bspys = noypbss = {(25 + Duh™18,5,0m 1 + 5 396405, > 1

0,00s <1,56 1+ 53260005,5 > 71;
r T _
Bapss = pbps = —(r+ Duh~thg, omr=s;
—(2s+ Dph~ hg, omr+ s eregfos,s > r;

0,0s <1,50 v+ 53960005,5 > 1;
= Ab.,. = _(T + 1)‘[1h_1h'y,
—(2s+ Dph™hy, ogr +s @opos,s > 1;

omr =s;

s T T T T
B335 = Abss + pbss + pbss = (A + 2p)bss

_ 0,0ms <1,5 r+53260005,5 = 71;
N {(25 + DA+ 2R Y omr + s coypos,s > .
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30336963900 90035696 353069005 899090 39FMLbYEgdgd0

N N N
Xijr = /wrdij + 2ueij, r=0,1,..,N

LoQSE3
1 1 N r r
N
el-jr = Ehr+1(vir,j + er,i) + E z hS+1 (bisvjs + bjsvis> ,
s=r+1

NN 1 N 17

Gr = €jir = hr+ vyO,y + Zs=r+1 hS+ bl-svis, r = 0, 1, ,N
3booo,

N N
Xnir = Xjpyny, ¥=0,1,...,N

396dm, N = 1 dosbeomgdsdo

1 1
eaﬁo = Eh(vaoﬁ + v[)’O,a) - h(h’avﬂl + h,[i’val)

é0([?1 = %h(val,ﬁ + vﬁl,a)

r _ _ 1 _ 1 1 1,5
es3r =0, 1 =101, eg30 =5 MV300 €a3z1 =5 V310

QN (e P 3]

r ha
ber = —(r + 1)7

1 1
Xnao = Xpaong = #h(Vao p + Vpoa)p — h(haVgs + hpvg)ng

1 1
Xnar = XBalnB = .uhz (val,ﬁ + vBl,a)nﬁ

1 1 1 1
Xn30 = XgzoNg = llhvso,ﬁnﬁr Xn31 = Xpz1ng = #hzv31,ﬁnﬁ-

30493500 N = 1, 35306 7 = 0-0bm30U (2.1) gob@Hmegds gooofigemgds 9999absoto
1 1 1 1 0 92hvp
u [(hvaoﬁ)ﬂ + (hvﬁw)’a] +2 (hvy(,‘y)ﬁ 432 (hvgl)ﬁ tXp=pl po12, (214
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Qo

1 1 0 32h
U (hv30,a) 3 + 3u (hval) +X;=p 6;30 (2.15)

,a

boom 7 = 1-0bm30U (2.1) 296GHMM9ds 250s0(9M9ds 9999abs0Ms©

u [(h3éa1ﬁ)'a + (h3éﬁ1,a)’a] 42 (h311zy1,y)’ﬁ — (w30, + 3uhvg; ) + WX, = phazgjm, B=1,2

(2.16)

Qo

1 1 1 1 2he
i (h3v31) = Ahwyoy = 3(A+ 2u)hvg; + hXy = ph =52

(2.17)

(2.15) @9 (2.16) 5oL MB30L LoLEGds s (2.14) s (2.17) 35F0d35-393d30L LoliEgdss.
obs 300943500 gomxzoEob bobdg dmdogo Gogbgos

(+) =)
h (x1,%2) — h (x1,%2) = h(xq,x;) = const,

05906 (2.15), (2.16) B30l LobiBgds LGo@030L d9dmbggzsdo Joomgdl d9dwgy Lobgl

1 1 1 -0
,LlAv30 + 3[1 (1711'1 + 1721'2) + h X3 =0 (218)
1 1 1 1 1 1
pAvy + (4 + ) ('711,1 + 1721,2) T ph™2v301 —3ph™?v11+h™2X; = 0 (2.19)
1 1 1 1 1 1
pAvy + (A + W) ('711,1 + 1721,2) . ph™2v30, — 3uh™2v,+h™2X, = 0 (2.20)

MM MO0 296GHMMGIOL X1 O X2-0b oM 0b6GYAMIO00 s T93019000 J030090M
1 1 1 1 1 1 1
1+ 2wA (1711,1 + '721,2) — uh™%v30 — 3uh™? (7711,1 + '721,2) +h7? (X1,1 + Xz,z) =0 (221)
(2.18)-0056 963L5bwzO™m
1 1

= _Ipd —Lpix 222
V11,1 + V212 = —34AV30 3 3 (2.22)

o Boglgsdo (2.19)-do, bosg Bogomzgwom, ®md ¢; =0, j =1,2,3; Qw =0, a =1,2;

ng

20



( )

1 0 +)
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d50dob

A+ h™'q+ h=3q =0.
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9

u=g

96 ¥o-b9

Vo = 12 85806 ©5 Ao 85806 Gogs Io(x,) = 205 < oo (k< 1)

V31 = v 85806 5 Bbeeome 85806 Gmgs I (x,) = [ -4

S <t (e <1/3)

ob

1
Xnao =W 20 a=1,2

1
Xn30 =0,

1
Xne1 =0 a=1,2.
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11
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@5 LObOBEOZOM 53965, G990 LOLLDBPIMM F0HMBOM 3MYIG 5SS OB ¥-BY

u=g

36 ¥o-b9
Va1 = U2 85806 5 Fbmem 35806 Gegs I (x,) < o (k < 1/3)

D30 = 12 85806 05 Fbmenme 85806 Gogs Ip(xy) < o (k < 1)

ob

1
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1
Xn31 = ¢3.

3. BMYoO dsd30L d9dmbggzsdo N = 1 dosbermgdoliomgols
Uy =u§ +ub = %(117“0 + 311731x3), a=1,2,
us =u§+ul = %(11730 + 311731x3)
@5 LabOBEZOM 533965, 99 RO LOLOBPZOM F0MHMOOM 3MMYJBH¥I 5SS LT Y-y

u=g

56 ¥o-bg

Vo = 12 85806 ©5 Ao 85806 Gugs Io(x,) < 0 (k < 1),
V31 = v 85806 5 Bbemme 85806 Grgs I; (x,) < 0 (k < 1/3),
117a1 = 12 85306 5 Gbmenm 35806 GmEs I;(x;) < o (k < 1/3),

V30 = 19 85806 05 Fbmenme 85806 Gogs Ip(x) < o (k < 1/3)

ob

1
Xnao = VYo a=1,2

1
Xn30 = Y3,

1
Xna1 = P a=1,2

1
Xn3o = ¢3

Losg Lowoggdo: g, vjr, (r=0,1),¢;,¢; (i =1,2,3) 36mdowos ©o

0 1
0 _ Uiy 1 _ Ui _
Vi = A Vi = P r=1,2.
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3. N = 2 305bgrmgds

305350 N = 2, 85906 r = 1, 2, 3 ©5 35300835-31993550056 ©0535380609d9cm0 j936900L

2159095300 (2.1)-@sb 3090 nemdo 398@gp BEEHOZIO LobGgdal

I (}“2730,04),“ + (3Iih127a1) - (5Mh2h,a12732)

J1s4 ,a

GNZ /2 N2 /N2
+Q(+) 1 + <h'1> + (h'2> + Q(—) 1 + <h'1) + <h'2) + ¢3r = 0
ns ns

(N=2,r=0,j =3 —Ubosnb),

' GNZ /N2 (N2 /(N2
h|Qw [1+ <h,1> + <h'2> +Q- |1+ (hJ) + (h'2> + qbﬁr =0
ng ng

B=12(N=2r=1,j = —bo3ob)

2 2 2 2 2
1 (K5035, R h0q — 32 Vg1 o + Buh?hoVay — Suh® (G + h3)vs,

N2 /2 N? /N2
+h2[Q(n+) 1+<hl1> +<h,2> +Q$:) 1+<h,1> +<h,2> + 3] =0 (3.3)
3 3

(N=2,r=2,j =3 —Uo30nb),

3b50d

b 12 5 ) 2\ 2
uz (x1,x2,x3,t) = §V30(x1: x) + E(xa — h*)v35(xq, x3)

b 3 2
Ug (Xq,%2,%3) = 5x3va1(x1'x2)

399m30@&96mm 99890 s0b0dzb9d0
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u >(h3127a1,,;) + (Vg1 a] +2(h35y,,) L5 G - Suhvg s + 151h2h gus; +
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\?2 /2 N2 /02
F30 = —Qg) 1+ <h,1> + <h,2> - Q(n_) 1+ (h,1> + <h,2> — P30 (34)
3 3
_ N /GN2 N2 /N2 _
Fi=—h|Qw [1+ <h,1> + (h,2> +Q0 1+ <h,1> + (h,2> + ¢ (35)
ni ni
_ NIV N2 N
F,y =—h|Qw [1+ <h,1> + (h,z> +Q- 1+ <h,1> + <h,2> + ¢21 (3.6)
n, ]
\? /2 N2 /2
F3, = —h? [Qg;r) 1+ (h,1> + (h,2> + le—) 1+ <h,1> + (h,2> + ¢32] (3.7)
3 3

09 39630b0s3m 30C0bEMME0 PMB30L TgdNb3zx3sL, 9649 G9dmb3935L, HmEgLss (3.1)-(3.3)

396@™M9090d0 993535¢00 Y39 34969300 ©IM 3000 bMEME X,-bg, 350b (3.1)-(3.3)
296@M9dsms Lol gds 300gdL d9dgy Lobgl:

(#hv30,2)_2 + (2uhvyy) 5 — (5Hh2h,21732)’2 —F3=0 (3.8)
,u(h3v11‘2),2 —F;=0 (3.9)
Cu+ A)(h3v21,2)‘2 + 54(h3v3,) 5 — 3(uhvse, — Suh®hyvs,) — Fpy = 0 (3.10)
u(h5v32_2)’2 — 32h3v,1 5 + hhy(uhvsg, + 3puhvyy — Sph?h,vs,) — F3p =0 (3.11
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4. 306953039008 IRMOIS30s N = 2 dosbermgdsdo

(3.9) 25053350980 OBIOIBE0SMOO goBEMMGdS, 36MdO 9Bd300L 3mgB0E0gbEO h3 Bywo
bgds LobL3zMOL gMo F9MEH0wdo, 30b30gE MW x; = 0-0bm30b. (3.9) 4obGMEgdsL 3blbom x, €
(0; L] 8moc0g0do s 899092 8930L(Hegaom v11-0b ymx3od3939L, GmqLsg x, — 0. (0; L] 999segdo
(3.9) 396@M900L BMyo 5dMBsbLBL 53l Jgdgao Laby

13k

i L fl—Sk _ X%_3k 8C1 3k B 1
hgufxz(1 3% 13k 3k)F11(f)df+ (—1 1o 3k) +c,omk i

h3 f (lnf lnxz)Fn(f)d‘f"'

v11(xX2) = 861 (4.1)

(lnL Inx;) + c; ok = 5

W

0¥ 39b30bosgzm xli—r>%+ v11(x2), 365b5300 HMA 53MbsBLBO 56 5®OL FgdmLsbEZOHVmOo, dmEs k >
5990056 25930656, OMObEgl 53565 5gd3L Tgdgy0 Loby:

593965 1. godgom k < § 303m3m0 (3.9) g96E™@w9doL 58mbsblbo vy, € C2(]0,L]) n C([0,L]),
39900920 LolsBO3zO™ 306HMBYGOOL omzswobfjobgdoom:

v11(0) =V, v (L) =V,

59mblbs. (4.1)-0b gomzseoljobgdom 23946900

c, =V

h3(1 — 3k)

1
T f £ (£)d

=

8 L El_ 3k (Vo—=V1) L1 -3k
V1 () = 3 [ G = £y (§)dg + YT (1a-3k 1= *) = G

13k

’iZ 3k’ pLl- Skf 51 3kF11(f)d’f+VL: mme> k <_

593565 2. 30350 k 63d0LB0gM0s. 303m3Mmm (3.9) 356Gl s8mbsblbo v,; € C%(]0,L]) 899®9y0
LobOBEOZOM 30613930 Fom3z5¢olfiobgdoo:

v1;(0) = 0(1) vy (L) =V,

59mblbs. 0doLsmMz0L MM 5dIMbsBLBO 0gml 9dmLsbrz®eo ¢; = 0, bogeom (4.1)-0b

3om35¢obfiobgdoom ¢, =V,
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ij (fl i Yy (E)E +V, o k % =
h3uly, 1-3k 1-3k 3

v11(xp) = ) 1
h(3)_ﬂfx2(lnS — Inx,)F11(E)dE +V, ook = =

39630boEmm d9dmbgags, GmEqLsg V21 = 0, 35306 (3.8),(3.9),(3.11) 256EHMmgds0s bobiEgdol
59mbsblibydo B0{gMgds 3boo Labom, (3.10)-sb F;1-0bm30l o0fgemgds sds@JO0m 30MHMDS
©50L3d935 Fgbodsdolo LalisBrzmm sdmEsbgdo.

(3.8) 5 (3.11) 356 ™M90900 gowsofigcmgds 99990 Labood:
(,uhv30,2)2 + (2phvyy) ,—F30 = 0 (4.2)
H(hsv32,2),2 + hhy(uhvsg, — 5uh?hyvsy) — Fap = 0 (4.3)

(4.2), (4.3) 396@¢™90900L By 5dMBbLBL 593l Tgdgy0 Loby:

L173k 373K\ eac] (117SkxZk  x13k 128ka x; gk
1-5k  1-5k Xz

6461 _
V32 (x2) = uhs fx2(1 sk 1- Sk) 32(€)d€+ (1—3k 1-3k hlu hlu 2k

323 (L1 5k —x]~%)

1
2k h3(1-5k) + s (4.4)

1-5k
V30(X2) = %fxz(lnxz In§)F30(§)dé + 2C1 (lnL Inx;) + o fxz (1 sk

1-5 10k2 1-5k 1-5k _ _
nl SR) e 1fn Fza(§)dS dn + f (9;2 5k _Z—Sk)nmc 1f;7 L lfxr F30(§)d¢ drdn +
SC%k( (115K — x1-5ky _ 1 (x2k 13 — x3K) — (lnL Inx,) + (xi-3k 2k _
phy “(1-5k)2 (1-5k)(1-3k) 2 2k(1 5k) V2
40 1 L1—3k 1-3k 1—5kL2k 1-3k 5 h
X3 + :123 sk Goae Jiz—ak -= 2k += R 63 NG R (4.5)
(3.10)-c056

F21 = 5/1(h31732)’2 - 3[1]'“730’2 + 15‘Uh2h,2'l732 = 5/1(h3 ,Lthsf ( - )F32($)df +

1-5k 15k

64ct (L173K X 73K\ eac] (117SkxZk  xJ73K +128kf (xz g2k x2‘3")F (f)df+32621(L1_5k_x%_5k)+C1))
rlu \1-3k  1-3k rlu \ 1-5k 1-5k X% 2k 2k 7730 h3(1-5k) 3/J.2
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1-5k 1-5

3uh (ﬁ [z, (Inx, = In§)Fso(§)dg + 2d ~(InL — Inxy) +7m fxz (m - ”17) 2t [ Fap(§)d8 dn +

10k2 L x%_Sk_nl_Sk
uhg “x2 \ 1-5k 1-5k

-5k
( 1 5k __ 1 )_

(1- 5k)2

40cik 1 (L1_3k
phd 1-5k *1-3k

1 -
(xZkp1=3k — x]7K) — m (lnL Inx,) + —

-3kj2k _ 1—k
(1-5K)(1-3K) L ) +

2k(1 5k) (2™

x1—3k x1—5kL2k X1 3k 5C h —5k

FErT " ) T W =g+ C4) + 15.“h2h2( f (1 . sk)Fsz(f)df +

64ci (L173K  xJ73K\  eac] (117SkxZk  xJ73K 128k x, gk xg3k 32} (L1 Sk x5 4
hlu (1—3k 1-3k rlu \ 1-5k k) T fxz( 2k 2k IF30($)d + h(1-5k) +c3)

59m39bs 1. godzom k < % 3030300 (3.8), (3.9), (3.11) 356@™@d505 LoliEgdol s8mbsblibgdo

V32, V30, V11 € C2(]0,L]) N C([0, L]) B9800 Lobisbmgmm 3063930l gomgsmolifobgdom:
v11(0) = Vo, v11(L) =V, v32(0) = Vg, v3a(L) = Vg, v50(0) = V§, v3o(L) =V

50mblbs. (4.1), (4.4), (4.5)-0b 49035¢0b{iobgdom, 3T039dL 593l G9dgao Loby:

Cy = VL

h3(1 — 3k) 1
ci=Vv}

hou(1 — 3k) 32cLI175k 128k (L pTSkezk o3k grsk

1__0 1 _ 1 _ _
4= g Vo TV T e ey T f o~ 2 o = hsf T P (9)de)
Ci == VLZ
3 13,2 L
1 H.ho (1 - Sk)(l - 3k) 2 2 SVL hO 2k 2
c; = — Vg -V ———— L% — lan (f)d{——lnL
2 40kL1-3k Vo =V 4 hy 30

40ka<r)1‘5k> - 1f7l
- n*Th | F3(§)dS dn
phg Jo \1 -5k 0 *

10k2 L nl—Sk 5 n T 5C1k 1
_ k-1 2k-1 | g _o1 J1-5k
uho fo (1 - 5k>” fo i fo s0@)dE dedn == = 5h)2
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_ 8 L g3k (Vo-V1) k _ ,1-3k) _ 8 L7
V11 (x2) _@fxz(1—3k - Sk)F11(f)df+ 01 e (L3 —x; _h_g(1—3k_

1-3k

L —
D) i fy €T P (©dE + V.
2 [t 2 hiu(1 — 3k) 32c3 175k
V30(xz) = foz(lnxz — In§)F30(§)dE + Ii—ho(lnL - lnxz)(w Vo — Vi = m
128k —5k€2k 7']_3k 32 El 5k
e e R G B ey WY
0
40k x2—5k T]l—Sk >
" f ( - 7t [ Fa©agan
uhd ), \1-5k 1-5k v
10k?2 L xZZL—Sk n1—5k n #(1_3]{)
_ 2k-1 2k-1 [ E I L S A 4|
" uhg Lz (1 -5k 1- 5k>77 LZT 'Lz 30(§)d¢ drdn + ( 64113k Vo

o1 32C21L1_5k _ 128k fL n—Skuk _n—3k)F (f)d
YoR3(1—5k) R 2k 30

32

- L1—5k _ x21—5k)
uhg

{tl 5k
f e Pl (s
1 ~ ~ x3 5k 1
T =5k)(1=3k) (L~ ™) — 11 2k(1 — 5k) (3™

40cik 1 L13k 173k xd-Skp2k y1-3k 5VL h3
( - - + )
phd 1—-5k1-3k 1-3k 2k 2k

3 32 j-L é’l—Sk xl—Sk ; )d +6 Cl L1—3k xZZL—Bk 64(,'% L1—5kx22k x%—Sk
va(2) = s | Qg 1o s 1-3k 1-3k) hju\ 1-5k 1-5k

3kL2k

(InL — Inx,) +

(LZk Zk) + VLZ

-7+

uhs hou
128k JL n ke n-3’<)F ©)dt + 32(L'5% — x37°K) uh3(1—5k)(1 — 3k) w2
h]u 2k k730 h5(1 — 5k) 40k L1-3k 0
5Vh3 2 (L
7 Al L lnEF30(§’)d€ -=1 lnL

4 uhy

4OkJL<n1—5k> ok 1f
- e | Fa(§)dédn
uhg Jo \1 -5k 0 .
10k? (L pt=sk\ n T 5clk 1
_ k-1 2k-1 | R __1—L1—5k 1
i [ () [ [ ot anan -2k 4

08mEsbs 2. 300d3sm k BydolidogHos. 303m3zmm (3.8), (3.9), (3.11) gob@megdsms LolEgdol sdmboblibgdo

V11, V32, V30 € C%(]0,L]) 8990930 Lobisbmg®em 306Hmdgdol gomgswolfobgdoom:

v11(0) = 0(1), v13(L) =V, v3,(0) = 0(1), v3,(L) = V1, v30(0) = 0(1), vzo(L) = V2

29



59cbbbBs. 080L50g0L HMI 5BbLBAdO 0yml JgdmlsbLgGMmo ¢; = 0, ¢ = 0, c3 = 0, bowm (4.1),
(4.4), (4.5)-0b gomgz5wobfjobgdom, 399dog90L d3L 99dgyo Laby:

Cz = VLI

C% = VL1,

Ci = VLZ
( 8 &t 3k x21—3k .
n3u - F. dé +V, k==
h3yfx2(1—3k 1—3k) 11(€)dé +V, o * 3

v11(x2) =

1
e f g ~ RO +V, o7k =3

1-5k

-2 fL g+
v32(x2)_uh8 x2(1_5k 1—5k) 32($)dS + Vg

1-5

vs0062) = 2o [ (I, = In§)Fyg ()€ +20% [ (o — Loyt 1 oy (£)dg iy +

10k2 fL X%_Sk _ 771_5k
phy Jx2 \1-5k  1-5k

- - 5Vhg
)07kt [ 02K [T Fag(§)d€ dudy + 28 (12% — x4 1+ V2

39630bowmm 99dmbgags, GmEaLsg V39 = 0 @S V3, = 0, 35906 (3.9),(3.10) 296EH™gds0s LobiEgdol
59mbsblbgdo Bo0fgMgds (3b5O Lobom, (3.8), (3.11)-sb F30-0Ls @ F32-0Lm30L ©s0fgMgds
58539000 30635 s 0LTY35 FgLodsToLO LOlEBOZOM 5dME69dO.

(3.10) 296 Megds 2455090905 9990 Loboom.
2u+ A)(h3U21,2)_2 —F;=0 (4.6)

(4.6) 355@Mq00L BMyo 5IMBsbLBL 53l Tgdgyo Loby:

xl

8 L 51—31{ 8C5 3k
(2u+/1)h3fxz(1 3k 1- Bk)F21(E)d€+ (1 3k 1- 3k)+c6 o7 k i‘
V1 (x2) = gc ) (4.7)
f (lnf Inx,)F,1(&)dé + =2 8¢cs (lnL Inx,) + ¢} oy k= -

(2u+l)h3
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(3.8)-056

F30 = (2uhv21)'2 =

e __* £ F d +8€5—3k—x%3k + ¢} k=2
ZIJ.(h (2“+A)h3 Xz(l 3k 1- 3k) 21(6) E (1 3k 1— 3k) C6 073 3 )
8 1
(Zuﬂ)hg fxz(lnf Inx,)Fp, (§)dE + — CS (lnL Inx,) + ct oy k==

b("’)@m (3.11)—@36 F32 = 3#’1’2’12"]21 - 3Ah3"]212 =

8 L §1-3k 8cd kX
NE (2y+/1)h3 13 1o 3k)F21(f)df+ (1 T 3k)+c6 o k ;t— )
' o m,, [ (g = Inxy)Fyy (§)d8 + 5= 865 > (InL — Inxz) + ¢} oy k=1
31h3 (Zufa)iﬁ’ xLz i_ak 1- 3191:21(5)615"'865 Gz 33: j 3k)+66 oy k i‘
(Zuf@hs [, (In§ — Inx;)Fyy ()d§ + 5 865 > (InL — Inx) + ¢ oy k=3

,2

59m3sbs 1. godzom k < § 3030300 (3.9), (3.10) gob@GHMegdsms LolBgdol sdmbsblibgdo v11,v,1 €

C?(10,L]) N C([0,L]), 9990930 Lolsbagmm 30608930l gomgacoliobydoo:
v11(0) = Vo, v11(L) =V}, v21(0) = V§, vy (L) =V}

50mblibo. (4.1) o (4.7)-0b 350m35wolfobgdoom 8v9d039dL 5J3L 99090 Loby:
=V,

h3(1 -3k 1
€1 =0§L1——3k)(V0 V) - uLi- 3"[ §173F, (§)d¢

h§(1-3k) 1 Lgqo
¢s = ~grr (Vo = V) — G Jo §1 7 Far ()€

8 L El_3 (Vo=V1) L1 -3k
V1 () = 32 [ G — )Py (§)dg + YT (11-3k 1~ *) = G

3k

1— L _ 1
0 e Jo €L (©dE +V,, Gmgs k<3
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8 3;1 3k x21—3k 8 L1—3k x21—3k hg(l _ 3k)
= _ 2 _ 3 13
v (2) = o R Lz(l T3k 13 (D (T T ) Cgpmae (o D)

1

L
1
- 1-3k 3 =
2 +/1)L1—3kf0 §T R (AS) V] Goigs k <=

59m36s 2. 300g35m k 69d0Ld0gMH0s. 303m3mm (3.9), (3.10) 456@MEqdgd0L sdmbsblibo v,1,v1; €
C?(10, L] 99900920 Lobisomzmem 3060md930l gomgzsmolfobgdoo:

v11(0) =0(1), v, (L) =V, 1,1(0) = 0(1), vy (L) = VL3

530blBs. 080L5030L HMA 5MbbLBO 0yl F98mbsbegemwo c; = 0, ci = 0, bowe (4.1) ©s (4.7)-0b

39035¢0b{obgdom
CZ = VLJ
Cé = VL3J
{ 8 fl 3k -3k 1
K 1—3k 1 )F11(f)df+VL myk;t—
v11(xz) = { .
t f (In§ — Inx;)F11(§)dE + V, ok =
X2
8 g3k 1-3k .
— F 3 =
Vp1(x2) = L )
- ° _ F 3 1
G i | (6 P (948 4, o k=1

Q@5 deml, LOMEo LobEgdol dgdmbgzsd0 53MmbsbLbgdO 56 GOV sfigMowo 3bso bobom, MI3o
©50l3935 999090 LobOBOZMM sTMFsbgd0:

593965 1. (0oMobagls 53m3965) 3odgom k < % 3030300 (3.8)-(3.11) 356@Mgdsms LoliEgdol

59BbUBBO V11, V33, V30, V21 € CZ(]0,L]) N C([0, L]), 898930 Lsbsbong®em 30Hmdgdols

39035¢0bfiobgdoo:
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v11(0) =Vp, v32(0) = Vol: v30(0) = Voz' v1(0) = Vog» v, (L) =V, v3(L) = VLlf
v3o(L) = VLZ: vy1(L) = VL3'

59m 365 2. 300935, k 69d0Ld0gMH0s. 303Mm3mm (3.8)-(3.11) 39bEGHMEgdsms LobGHgdol sdmbablibgdo
V11, V32, V30, V21 € C%(]0,L]), 8380920 Lolobegmm 3063990l googowolifobgdoom:

v11(0) = 0(1), v32(0) = 0(1), v30(0) = 0(1), v21(0) = 0(1), v11(L) =V, v3,(L) = VLl,
v30(L) = VLZ: vy (L) = VL3'
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oli33bs

B53OM3To 959330 g0s §535b30¢90E0 BoOHBOEHOL Wb30L sdm(356900 0. 393499l 0gMstJomwo
39900l 3mE0R030MgdMe N = 2 d0sbermgdsdo. Jomgdeos 356@megdsms LolEgds N = 2

90560590, 9300 LElEBOZOHM 30MHMDYOOL 3MMYJErIsE ILTOL ME30L90vIMYdgd0,
@3L3E05 BabOBEOZOM sTMFDYdO s Mr0Y Fgdmnbzg35d0 SFMbLBOEI0S 3boswo Lsboom.
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